
Física Geral - Laboratório

Estimativas e erros em medidas indiretas: 
Propagação de erros
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Experimentos de medidas indiretas
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Medidas diretas: Estimativa do valor esperado de uma grandeza a 
partir de experimentos em que as medidas são lidas diretamente 
em uma escala, ou registradas por um dispositivo

Medidas indiretas: A estimativa do valor esperado de uma 
determinada grandeza é obtida a partir da medição (direta) de 
outras grandezas associadas



Física Geral - Aula 5

Medidas indiretas
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 Propagação de erros

Estimativa da grandeza 
associada (medida indireta)

u = f (x)

Medidas diretas de uma grandeza x:
{x1, x2, . . . , xN}
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Medidas indiretas - Propagação de erros
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Medidas indiretas - Propagação de erros
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Medidas indiretas - Propagação de erros
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Propagação de erros
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α

�u = tan↵ ·�x

tan↵ =
f (x+�x)� f (x)

�x

�x!0! df (x)

dx
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Exercício (4.3.3)

7

r = (10,2 ± 0,3) cm

r
A = ⇡r2

<latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit><latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit><latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit><latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit>
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r = (10,2 ± 0,3) cm

r
A = ⇡r2

<latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit><latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit><latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit><latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit>

Método aproximado

A

r
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r = (10,2 ± 0,3) cm

r
A = ⇡r2
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A ≈ 326,9 cm2

Método aproximado

A

r
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r = (10,2 ± 0,3) cm

r
A = ⇡r2
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A ≈ 326,9 cm2

A+ ≈ 346,4 cm2

A- ≈ 307,9 cm2

Método aproximado

A

r
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r = (10,2 ± 0,3) cm

A = (327 ± 19) cm2

r
A = ⇡r2

<latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit><latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit><latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit><latexit sha1_base64="d4UckmaZqgmRSkqpv15BqRSOU4w=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbFU9ktgl6EqhePFewHdNeSTbNtaDYbkqxQlv4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL5ScaeO6305hZXVtfaO4Wdra3tndK+8ftHSSKkKbJOGJ6oRYU84EbRpmOO1IRXEcctoOR7dTv/1ElWaJeDBjSYMYDwSLGMHGSv41Or1CvmRIPdZ65YpbdWdAy8TLSQVyNHrlL7+fkDSmwhCOte56rjRBhpVhhNNJyU81lZiM8IB2LRU4pjrIZjdP0IlV+ihKlC1h0Ez9PZHhWOtxHNrOGJuhXvSm4n9eNzXRZZAxIVNDBZkvilKOTIKmAaA+U5QYPrYEE8XsrYgMscLE2JhKNgRv8eVl0qpVPbfq3Z9X6jd5HEU4gmM4Aw8uoA530IAmEJDwDK/w5qTOi/PufMxbC04+cwh/4Hz+ALwgkC0=</latexit>

A ≈ 326,9 cm2

A+ ≈ 346,4 cm2

A- ≈ 307,9 cm2

Método aproximado

A

r
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Propagação de erros
u = x

2 = f (x)

u = (x̄+ (x� x̄))2 = (x̄+�x)2

u = x̄

2 + 2x̄ (x� x̄) +�x

2

u ⇡ x̄

2 + 2x̄ (x� x̄)

) ū ⇡ x̄

2

u

2 ⇡
�
x̄

2
�2

+ 4x̄2 (x� x̄)2 + 2x̄3 (x� x̄)

) u

2 ⇡ ū

2 + 4x̄2
�

2
x

) �

2
u

= 4x̄2
�

2
x

$ �

u

= 2 |x̄|�
x
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Propagação de erros
u = x

2 = f (x)

u = (x̄+ (x� x̄))2 = (x̄+�x)2

u = x̄

2 + 2x̄ (x� x̄) +�x

2

u ⇡ x̄

2 + 2x̄ (x� x̄)

) ū ⇡ x̄

2

u

2 ⇡
�
x̄

2
�2

+ 4x̄2 (x� x̄)2 + 2x̄3 (x� x̄)

) u

2 ⇡ ū

2 + 4x̄2
�

2
x

) �

2
u

= 4x̄2
�

2
x

$ �

u

= 2 |x̄|�
x

(x� x̄) =
1

N

NX

i=1

(x
i

� x̄) = 0

(x� x̄)2 =
1

N

NX

i=1

(x
i

� x̄)2 = �

2
x
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Propagação de erros
u = x

2 = f (x)

u = (x̄+ (x� x̄))2 = (x̄+�x)2

u = x̄

2 + 2x̄ (x� x̄) +�x

2

u ⇡ x̄

2 + 2x̄ (x� x̄)

) ū ⇡ x̄

2

u

2 ⇡
�
x̄

2
�2

+ 4x̄2 (x� x̄)2 + 2x̄3 (x� x̄)

) u

2 ⇡ ū

2 + 4x̄2
�

2
x

) �

2
u

= 4x̄2
�

2
x

$ �

u

= 2 |x̄|�
x

(x� x̄) =
1

N

NX

i=1

(x
i

� x̄) = 0

(x� x̄)2 =
1

N

NX

i=1

(x
i

� x̄)2 = �

2
x

�

u

=

����
df

dx

����
x=x̄

�

x

= 2 |x̄|�
x
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Propagação de erros

u

2 ⇡ [f (x̄)]2 +

✓
df

dx

◆2
�����
x=x̄

(x� x̄)2 + 2f (x̄)
df

dx

����
x=x̄

(x� x̄)

) u

2 ⇡ [f (x̄)]2 +

✓
df

dx

◆2
�����
x=x̄

�

2
x

) �

2
u

=

✓
df

dx

◆2
�����
x=x̄

�

2
x

�

u

=

����
df

dx

����
x=x̄

�

x

u = f (x̄) +�u ⇡ f (x̄) +
df (x)

dx

����
x=x̄

(x� x̄)
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Propagação de erros

u

2 ⇡ [f (x̄)]2 +

✓
df

dx

◆2
�����
x=x̄

(x� x̄)2 + 2f (x̄)
df

dx

����
x=x̄

(x� x̄)

) u

2 ⇡ [f (x̄)]2 +

✓
df

dx

◆2
�����
x=x̄

�

2
x

) �

2
u

=

✓
df

dx

◆2
�����
x=x̄

�

2
x

�

u

=

����
df

dx

����
x=x̄

�

x

(x� x̄) =
1

N

NX

i=1

(x
i

� x̄) = 0

(x� x̄)2 =
1

N

NX

i=1

(x
i

� x̄)2 = �

2
x

u = f (x̄) +�u ⇡ f (x̄) +
df (x)

dx

����
x=x̄

(x� x̄)
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Exercício (4.3.3)

10

r = (10,2 ± 0,3) cm

r
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Exercício (4.3.3)

10

r = (10,2 ± 0,3) cm

r
A = ⇡r2

�r2 = 2r�r

�A = 2⇡r�r
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Exercício (4.3.3)

10

r = (10,2 ± 0,3) cm

A = (327 ± 19) cm2

r
A = ⇡r2

�r2 = 2r�r

�A = 2⇡r�r
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 Estimativa padrão da incerteza

u = ↵x) �

ū

= |↵|�
x̄

u =
↵

x

) �

ū

=
|↵|
x̄

2
�

x̄

Propagação de erros

u = ↵x

2 ) �

ū

= 2 |↵| |x̄|�
x̄
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Exemplo:

Propagação de erros

P = Ri2

) �P̄ = 2Rī�ī



Física Geral - Aula 5

Medidas indiretas - Propagação de erros

13

 Propagação de erros

u = f (x, y)

Estimativa da grandeza 
associada (medida indireta) Medidas de duas grandezas x e y:

{(x1, y1) , (x2, y2) , . . . , (xN , yN )}
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Medidas indiretas - Propagação de erros

13

 Propagação de erros

u = f (x, y)

Estimativa da grandeza 
associada (medida indireta)

ū± �ūQueremos obter:

Medidas de duas grandezas x e y:

{(x1, y1) , (x2, y2) , . . . , (xN , yN )}
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Propagação de erros

ū = f (x̄, ȳ)
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u = x + y

Exemplo:

) ū = x̄ + ȳ

Propagação de erros

ū = f (x̄, ȳ)
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u = x + y

Exemplo:

) ū = x̄ + ȳ

u = x/y

ū = x̄/ȳ

Propagação de erros

ū = f (x̄, ȳ)
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Propagação de erros

(x� x̄) (y � ȳ) =
1

N

NX

i=1

(x
i

� x̄) (y
i

� ȳ) = �

xy

) �2
u

= �2
x

+ �2
y

± 2�
xy

�2
ū

= �2
x̄

+ �2
ȳ

± 2

N
�
xy

u = x± y = f (x, y)

u = (x̄± ȳ) + (x� x̄)± (y � ȳ)

) ū = (x̄± ȳ) = f (x̄, ȳ)

u

2 = [f (x̄, ȳ)]2 + (x� x̄)2 + (y � ȳ)2 ± 2 (x� x̄) (y � ȳ)+

+ 2f (x̄, ȳ) [(x� x̄)± (y � ȳ)]

) u

2 = [f (x̄, ȳ)]2 + �

2
x

+ �

2
y

± 2�
xy
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Propagação de erros
u = xy = f (x, y)

u = [x̄+ (x� x̄)] [ȳ + (y � ȳ)] = (x̄+�x) (ȳ +�y)

u = x̄ȳ + ȳ (x� x̄) + x̄ (y � ȳ) +�x�y

u ⇡ x̄ȳ + ȳ (x� x̄) + x̄ (y � ȳ)

) ū ⇡ x̄ȳ = f (x̄, ȳ)

u

2 ⇡ [f (x̄, ȳ)]2 + ȳ

2 (x� x̄)2 + x̄

2 (y � ȳ)2 + 2ȳx̄ (x� x̄) (y � ȳ)+

+ 2f (x̄, ȳ) [ȳ (x� x̄) + x̄ (y � ȳ)]

) u

2 ⇡ ū

2 + ȳ

2
�

2
x

+ x̄

2
�

2
y

+ 2ȳx̄�
xy

) �

2
u

= ȳ

2
�

2
x

+ x̄

2
�

2
y

+ 2ȳx̄�
xy
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Propagação de erros
u = xy = f (x, y)

u = [x̄+ (x� x̄)] [ȳ + (y � ȳ)] = (x̄+�x) (ȳ +�y)

u = x̄ȳ + ȳ (x� x̄) + x̄ (y � ȳ) +�x�y

u ⇡ x̄ȳ + ȳ (x� x̄) + x̄ (y � ȳ)

) ū ⇡ x̄ȳ = f (x̄, ȳ)

u

2 ⇡ [f (x̄, ȳ)]2 + ȳ

2 (x� x̄)2 + x̄

2 (y � ȳ)2 + 2ȳx̄ (x� x̄) (y � ȳ)+

+ 2f (x̄, ȳ) [ȳ (x� x̄) + x̄ (y � ȳ)]

) u

2 ⇡ ū

2 + ȳ

2
�

2
x

+ x̄

2
�

2
y

+ 2ȳx̄�
xy

) �

2
u

= ȳ

2
�

2
x

+ x̄

2
�

2
y

+ 2ȳx̄�
xy

�

2
u

ū

2
=

�

2
x

x̄

2
+

�

2
y

ȳ

2
+ 2

�

xy

x̄ȳ

=
�

2
x

x̄

2
+

�

2
y

ȳ

2
+ 2r

�

x

�

y

x̄ȳ

r =
�
xy

�
x

�
y



Física Geral - Aula 517

Propagação de erros
u = x/y = f (x, y)

u =
x̄+ (x� x̄)

ȳ + (y � ȳ)
=

(x̄+�x)

(ȳ +�y)

u ⇡ (x̄+�x)
1

ȳ

✓
1� �y

ȳ

◆

u ⇡ x̄

ȳ

+
1

ȳ

(x� x̄)� x̄

ȳ

2
(y � ȳ)

) ū ⇡ x̄

ȳ

= f (x̄, ȳ)

u

2 ⇡ [f (x̄, ȳ)]2 +
1

ȳ

2
(x� x̄)2 +

x̄

2

ȳ

4
(y � ȳ)2 � 2

x̄

ȳ

3
(x� x̄) (y � ȳ)+

+ 2f (x̄, ȳ)


1

ȳ

(x� x̄)� x̄

ȳ

2
(y � ȳ)

�

) u

2 ⇡ ū

2 +
1

ȳ

2
�

2
x

+
x̄

2

ȳ

4
�

2
y

� 2
x̄

ȳ

3
�

xy

) �

2
u

=
1

ȳ

2
�

2
x

+
x̄

2

ȳ

4
�

2
y

� 2
x̄

ȳ

3
�

xy
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Propagação de erros
u = x/y = f (x, y)

u =
x̄+ (x� x̄)

ȳ + (y � ȳ)
=

(x̄+�x)

(ȳ +�y)

u ⇡ (x̄+�x)
1

ȳ

✓
1� �y

ȳ

◆

u ⇡ x̄

ȳ

+
1

ȳ

(x� x̄)� x̄

ȳ

2
(y � ȳ)

) ū ⇡ x̄

ȳ

= f (x̄, ȳ)

u

2 ⇡ [f (x̄, ȳ)]2 +
1

ȳ

2
(x� x̄)2 +

x̄

2

ȳ

4
(y � ȳ)2 � 2

x̄

ȳ

3
(x� x̄) (y � ȳ)+

+ 2f (x̄, ȳ)


1

ȳ

(x� x̄)� x̄

ȳ

2
(y � ȳ)

�

) u

2 ⇡ ū

2 +
1

ȳ

2
�

2
x

+
x̄

2

ȳ

4
�

2
y

� 2
x̄

ȳ

3
�

xy

) �

2
u

=
1

ȳ

2
�

2
x

+
x̄

2

ȳ

4
�

2
y

� 2
x̄

ȳ

3
�

xy

1

1 + x

⇡ 1� x (x ⌧ 1)
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Propagação de erros
u = x/y = f (x, y)

u =
x̄+ (x� x̄)

ȳ + (y � ȳ)
=

(x̄+�x)

(ȳ +�y)

u ⇡ (x̄+�x)
1

ȳ

✓
1� �y

ȳ

◆

u ⇡ x̄

ȳ

+
1

ȳ

(x� x̄)� x̄

ȳ

2
(y � ȳ)

) ū ⇡ x̄

ȳ

= f (x̄, ȳ)

u

2 ⇡ [f (x̄, ȳ)]2 +
1

ȳ

2
(x� x̄)2 +

x̄

2

ȳ

4
(y � ȳ)2 � 2

x̄

ȳ

3
(x� x̄) (y � ȳ)+

+ 2f (x̄, ȳ)


1

ȳ

(x� x̄)� x̄

ȳ

2
(y � ȳ)

�

) u

2 ⇡ ū

2 +
1

ȳ

2
�

2
x

+
x̄

2

ȳ

4
�

2
y

� 2
x̄

ȳ

3
�

xy

) �

2
u

=
1

ȳ

2
�

2
x

+
x̄

2

ȳ

4
�

2
y

� 2
x̄

ȳ

3
�

xy

�

2
u

ū

2
=

�

2
x

x̄

2
+

�

2
y

ȳ

2
� 2

�

xy

x̄ȳ

=
�

2
x

x̄

2
+

�

2
y

ȳ

2
� 2r

�

x

�

y

x̄ȳ

1

1 + x

⇡ 1� x (x ⌧ 1)
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u = f (x, y) ⇡ f (x̄, ȳ) +
@f

@x

����
(x̄,ȳ)

(x� x̄) +
@f

@y

����
(x̄,ȳ)

(y � ȳ)

 Em geral:

Propagação de erros
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u = f (x, y) ⇡ f (x̄, ȳ) +
@f

@x

����
(x̄,ȳ)

(x� x̄) +
@f

@y

����
(x̄,ȳ)

(y � ȳ)

 Em geral:

Derivada parcial de f (x, y) em

função de x, com y constante,

aplicada no ponto (x̄, ȳ)

Propagação de erros
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u = f (x, y) ⇡ f (x̄, ȳ) +
@f

@x

����
(x̄,ȳ)

(x� x̄) +
@f

@y

����
(x̄,ȳ)

(y � ȳ)

 Em geral:

Derivada parcial de f (x, y) em

função de x, com y constante,

aplicada no ponto (x̄, ȳ)

) ū ⇡ f (x̄, ȳ)

Propagação de erros
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) u

2 ⇡ [f (x̄, ȳ)]2 +
✓

@f

@x

◆2
�����
(x̄,ȳ)

�

2
x

+
✓

@f

@y

◆2
�����
(x̄,ȳ)

�

2
y

+ 2
✓

@f

@x

◆ ✓
@f

@y

◆����
(x̄,ȳ)

�

xy

u

2 ⇡ [f (x̄, ȳ)]2 + 2f (x̄, ȳ)

"
@f

@x

����
(x̄,ȳ)

1
N

NX

i=1

(x
i

� x̄) +
@f

@y

����
(x̄,ȳ)

1
N

NX

i=1

(y
i

� ȳ)

#

+
✓

@f

@x

◆2
�����
(x̄,ȳ)

1
N

NX

i=1

(x
i

� x̄)2 +
✓

@f

@y

◆2
�����
(x̄,ȳ)

1
N

NX

i=1

(y
i

� ȳ)2

+2
✓

@f

@x

◆ ✓
@f

@y

◆����
(x̄,ȳ)

"
1
N

NX

i=1

(x
i

� x̄) (y
i

� ȳ)

#

) �

2
u

⇡
✓

@f

@x

◆2
�����
(x̄,ȳ)

�

2
x

+
✓

@f

@y

◆2
�����
(x̄,ȳ)

�

2
y

+ 2
✓

@f

@x

◆ ✓
@f

@y

◆����
(x̄,ȳ)

�

xy

Propagação de erros
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Em geral:
u = f (x, y)

Propagação de erros

�

2
ū

=
✓

@f

@x

◆2
�����
(x̄,ȳ)

�

2
x̄

+
✓

@f

@y

◆2
�����
(x̄,ȳ)

�

2
ȳ

+
2
N

✓
@f

@x

◆ ✓
@f

@y

◆����
(x̄,ȳ)

�

xy



Física Geral - Aula 5

Propagação de erros - Resumo

21

Exemplo:  Adição ou subtração de variáveis

u = x± y

�2
ū

= �2
x̄

+ �2
ȳ

± 2
N

�
xy

ou�
ū

=
r

�2
x̄

+ �2
ȳ

± 2
N

�
xy

�
ū

=
q

�2
x̄

+ �2
ȳ

± 2r�
x̄

�
ȳ
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Propagação de erros - Resumo

21

�
ū

=
q

�2
x̄

+ �2
ȳ

Se x e y são independentes 
(correlação nula)

Exemplo:  Adição ou subtração de variáveis

u = x± y

�2
ū

= �2
x̄

+ �2
ȳ

± 2
N

�
xy

ou�
ū

=
r

�2
x̄

+ �2
ȳ

± 2
N

�
xy

�
ū

=
q

�2
x̄

+ �2
ȳ

± 2r�
x̄

�
ȳ
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Exemplo:  Multiplicação ou divisão de variáveis

Se x e y são independentes (correlação nula):

�

ū

|ū| =

s
⇣

�

x̄

x̄

⌘2
+

✓
�

ȳ

ȳ

◆2

u = x/y

ou

u = xy

Se a correlação 
não é nula:

�

ū

|ū| =

s
⇣

�

x̄

x̄

⌘2
+

✓
�

ȳ

ȳ

◆2

± 2r

⇣
�

x̄

x̄

⌘ ✓
�

ȳ

ȳ

◆

Propagação de erros - Resumo
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Exercício (4.3.1)

23

Lado a: 10,32 ± 0,05 cm
Lado b: 64,27 ± 0,05 cm

a

b
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Exercício (4.3.1)

23

Lado a: 10,32 ± 0,05 cm
Lado b: 64,27 ± 0,05 cm

Perímetro: 149,18 ± 0,14 cm
Área:         663,27 ± 3,25 cm2

a

b



Física Geral - Aula 524

Propagação de erros

Exercícios:

u = x + y + z

i)

ii)

iii)

iv)

u = (x · y) / (x + y)
u = x

2

u = xy + z

v)

vi)

vii)

viii)

p = kl

I = V/R

v =
p

2gh

T = 2⇡

s
l

g
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Extras

25


